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Première partie1a�. • Γ �e�s�t �b�i�e�n� �d�é�f�i�n�i�e.- L�a� �f�o�n�
�t�i�o�n� t 7−→ e−tty−1 �e�s�t �
�o�n�t�i�n�u�e �s�u�r� ]0,+∞[.- A�u� �v�o�i�s�i�n�a�g�e �d�e 0, e−tty−1 ∼ ty−1 �e�t t 7−→ ty−1 �e�s�t �i�n�t�é�g�r�a�b�l�e �a�u� �v�o�i�s�i�n�a�g�e �d�e 0 �
�o�m�m�e �f�o�n�
�t�i�o�n� �d�eR�i�e�m�a�n�n� �g�r�â�
�e �à� y > 0.- A�u� �v�o�i�s�i�n�a�g�e �d�e +∞, e−tty−1 = o
(
1/t2)

).D�o�n�
 Γ �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� ]0,+∞[.
• O�n� �p�oǑs�e u(t) = e−t , v(t) = ty, �a�l�o�r�� u, v �s�o�n�t �d�e �
�l�a�s�s�e C1 �s�u�r� ]0,+∞[, �d�e �p�l�u�� �l�e �
�r�o�
�h�e�t [u(t)v(t)]+∞

0 =

lim
+∞

t
y
e
−t

− lim
0+
t
y
e
−t

= 0, �
�e �q�u�i� �p�e�r�m�e�t �u�n�e �i�n�t�é�g�r�a�t�i�o�n� �p�a�r� �p�a�r�t�i�e��.
yΓ(y) =

∫+∞

0

ye
−t
t
y−1

dt =

∫+∞

0

u(t)v
′
(t)dt = −

∫+∞

0

u
′
(t)v(t)dt =

∫+∞

0

t
y
e
−t
dt = Γ(y + 1)

• E�n� �p�a�r�t�i�
�u�l�i�e�r� �p�o�u�r� n ∈ N
∗, Γ(n+ 1) = nΓ(n), �u�n�e �r�é�
�u�r�r�e�n�
�e �q�u�i� �a�b�o�u�t�i�t �s�a�n�� �d�i�f�f�i�
�u�l�t�é �à� Γ(n+ 1) =

n!Γ(1) �e�t Γ(1) = 1 = 0!, �d�o�n�
 ∀n ∈ N, Γ(n + 1) = n!.1b. • L'�é�g�a�l�i�t�é �p�r�é�
�é�d�e�n�t�e ��'�é�
�r�i�t ∀y > 0, Γ(y) = y−1Γ(y+ 1) = y−1

∫+∞

0

e
−t
t
y
dt.

• L�e �
�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e s = y−1t− 1 �d�a�n�� �l��e�x�p�r�e�s�s�i�o�n� �p�r�é�
�é�d�e�n�t�e �d�o�n�n�e
Γ(y) = y−1

∫+∞

−1

e
−y(s+1)

(y(s + 1))
y
yds = y

y
e
−y

∫+∞

−1

e
−yφ(s)

ds2a�. • L�a� �f�o�n�
�t�i�o�n� t 7−→ e−t/xtα �e�s�t �
�o�n�t�i�n�u�e �s�u�r� [δ,+∞[ �e�t �a�u� �v�o�i�s�i�n�a�g�e �d�e +∞, �e�l�l�e �e�s�t �n�é�g�l�i�g�e�a�b�l�e �d�e�v�a�n�t
t 7−→ 1

t2
, �d�o�n�
 �e�l�l�e �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� [δ,+∞[.

• M�o�n�t�r�o�n�� �l�e �r�é�s�u�l�t�a�t�� �p�a�r� �r�é�
�u�r�r�e�n�
�e �s�u�r� n ∈ N.- P�o�u�r� n = 0.
y t 7−→ e−t/xtα �e�s�t �
�o�n�t�i�n�u�e �i�n�t�é�g�r�a�b�l�e �s�u�r� [δ,+∞[.
y ∀t ≥ δ, lim

x−→0+
e
−t/x

t
α
= 0.

y ∀(x, t) ∈]0, 1] × [δ,+∞[, |e−t/xtα| ≤ e−ttα =
0+
o

(
1

t2

).L�a� �f�o�n�
�t�i�o�n� �d�o�m�i�n�a�n�t�e �é�t�a�n�t �
�o�n�t�i�n�u�e �i�n�t�é�g�r�a�b�l�e �s�u�r� [δ,+∞[.�d�o�n�
 �d�'�a�p�r�è�� �l�e �t�h�é�o�r�è�m�e �d�e �l�a� �
�o�n�v�e�r�g�e�n�
�e �d�o�m�i�n�é�e �g�é�n�é�r�a�l�i�s�é, lim
x−→0+

∫+∞

δ

e
−t/x

t
α

= 0, �
'�e�s�t �à� �d�i�r�e
∫+∞

δ

e
−t/x

t
α
= o(1) �l�o�r�s�q�u�e x −→ 0+.- S�u�p�p�oǑs�o�n�� �l�e �r�é�s�u�l�t�a�t �e�s�t �v�r�a�i� �à� �u�n� �o�r�d�r�e n ≥ 1.

y S�o�i�t A > δ. U�n�e �i�n�t�é�g�r�a�t�i�o�n� �p�a�r� �p�a�r�t�i�e�� �a�p�p�l�i�q�u�é�e �à� �l��i�n�t�é�g�r�a�l�e ∫A

δ

e
−t/x

t
α
dt �d�o�n�n�e

∫A

δ

e
−t/x

t
α
dt =

∫A

δ

(−xe
−t/x

)
′
t
α
dt =

[
−xe

−t/x
t
α
]A

δ

+ αx

∫A

δ

e
−t/x

t
α−1

dt�
�e �q�u�i� �d�o�n�n�e �e�n� �t�e�n�d�a�n�t A �v�e�r�� +∞
∫+∞

δ

e
−t/x

t
α
dt = xe

−δ/x
δ
α
+ αx

∫+∞

δ

e
−t/x

t
α−1

dt�o�r� xe−δ/xδα = o(xn+1) �e�t �p�a�r� �h�y�p�o�t�h�è�s�e �d�e �r�é�
�u�r�r�e�n�
�e ∫+∞

δ

e−t/xtα−1dt = o(xn), �d�o�n�

∫+∞

δ

e−t/xtαdt = o(xn+1
) �
�e �q�u�i� �é�t�a�b�l�i�e �l�a� �r�é�
�u�r�r�e�n�
�e.
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D�é�d�u�
�t�i�o�n�- M�o�n�t�r�o�n�� ∫+∞

δ

f(t)e
−t/x

dt = o(x
n
).

y S�o�i�t I = [δ, 1] �o�u� I = [1, δ] �s�e�l�o�n� �l�e�� �
�a�� δ ≥ 1 �o�u� δ ≤ 1 �e�t �p�oǑs�o�n�� M = sup
I

|f|, �a�l�o�r�� �l��h�y�p�o�t�h�è�s�e (a)��'�é�
�r�i�t ∃K ≥ 0, C > 0,M > 0 �t�e�l �q�u�e ∀t ≥ δ, |f(t)| ≤ CtK +M, �d�o�n�

|

∫+∞

δ

f(t)e
−t/x

dt| ≤ Mxe
−δ/x

+ C

∫+∞

δ

e
−t/x

t
K
dt, �
�e �q�u�i� �a�s�s�u�r�e �g�r�â�
�e �à� 2a. �q�u�e ∫+∞

δ

f(t)e
−t/x

dt =
0+
o(x

n
).

y S�o�i�t k ∈ [[0,N]], �d�'�a�p�r�è�� �
�e �q�u�i� �p�r�é�
�è�d�e �e�n� �p�r�e�n�a�n�t α =
k + λ − µ

µ
, �o�n� �a�u�r�a� ∫+∞

δ

e
−t/x

t
α
dt =

0+
o(x

n
), �
�e�q�u�i� �d�o�n�n�e �p�a�r� �
�o�m�b�i�n�a�i�s�o�n� �l�i�n�é�a�i�r�e

∫+∞

δ

e
−t/x

(

N∑

k=0

akt
k+λ−µ

µ )dt =

N∑

k=0

ak

∫+∞

δ

e
−t/x

t
k+λ−µ

µ dt =
0+
o(x

n
).O�n� �
�o�n�
�l�u�t �d�o�n�
 �q�u�e ∫+∞

δ

e
−t/x

ρN(t)dt =

∫+∞

δ

f(t)e
−t/x

dt −

∫+∞

δ

(

N∑

k=0

akt
k+λ−µ

µ )e
−t/x

dt =
0+
o(x

n
).2b. D'�a�p�r�è�� �l��h�y�p�o�t�h�è�s�e (b), ρN(t) =

0+
o

(
t
N+λ−µ

µ

), �
�e �q�u�i� �a�s�s�u�r�e �l��e�x�i�s�t�e�n�
�e �d�e δ > 0 �t�e�l �q�u�e
∀t ∈]0, δ[, |ρN(t)| ≤ εt

N+λ−µ
µ , �d�o�n�
 ∀x > 0, ∣∣∣∣

∫δ

0

e
−t/x

ρN(t)dt

∣∣∣∣ ≤ ε

∫δ

0

e
−t/x

t
N+λ−µ

µ dt.L�e �
�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e u =
t

x
�a�b�o�u�t�i�t �à�

∫δ

0

e
−t/x

t
N+λ−µ

µ dt = x
N+λ

µ

∫δ/x

0

e
−u
u

N+λ
µ

−1
du ≤ x

N+λ
µ

∫+∞

0

e
−u
u

N+λ
µ

−1
du = x

N+λ
µ Γ

(
N + λ

µ

), �
�e �q�u�i� �d�o�n�n�e�l��i�n�é�g�a�l�i�t�é �d�e�m�a�n�d�é�e �a�v�e�
 C ′ = Γ

(
N + λ

µ

).2
. O�n� �v�i�e�n�t �d�e �m�o�n�t�r�e�r� �q�u�e ∫δ

0

e
−t/x

ρN(t)dt =
0+
o

(
x

N+λ
µ

).E�n� �a�p�p�l�i�q�u�a�n�t 2a, �a�v�e�
 �l�e δ �p�r�é�
�é�d�e�n�t �e�t n = 1+E(N+λ
µ

), �o�n� �a�u�r�a� ∫+∞

δ

e
−t/x

ρN(t)dt =
0+
o(x

n
) =

0+
o

(
x

N+λ
µ

)O�n� �
�o�n�
�l�u�t �p�a�r� �s�o�m�m�a�t�i�o�n� �q�u�e ∫+∞

0

e
−t/x

ρN(t)dt =
0+
o

(
x

N+λ
µ

).2d�. y L�a� �f�o�n�
�t�i�o�n� t 7−→ f(t)e−t/x �e�s�t �
�o�n�t�i�n�u�e �p�a�r� �m�o�r�
�e�a�u�x �s�u�r� ]0,+∞[.- A�u� �v�o�i�s�i�n�a�g�e �d�e +∞, �g�r�â�
�e �à� �l��h�y�p�o�t�h�è�s�e (a), f(t) = O(tK), �d�o�n�
 f(t)e−t/x = O(tKe−t/x) �e�t �p�a�r� 2a,
t 7−→ f(t)e−t/x �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� [δ,+∞[ �p�a�r� �
�o�m�p�a�r�a�i�s�o�n�.- A�u� �v�o�i�s�i�n�a�g�e �d�e 0, f(t) = N∑

k=0

akt
(k+λ−µ)/µ

+ o(t
(N+λ−µ)/µ

), �o�r� ∀k ∈ [[0,N]], t(k+λ−µ)/µe−t/x ∼
1

t
1−

k+µ
µ

�e�t
1−

k + µ

µ
< 1, �d�o�n�
 t 7−→ t(k+λ−µ)/µe−t/x �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� ]0, δ] �e�t �p�a�r� �s�u�i�t�e t 7−→ f(t)e−t/x �l��e�s�t �a�u�s�s�i�.O�n� �
�o�n�
�l�u�t �d�o�n�
 �q�u�e t 7−→ f(t)e−t/x �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� ]0,+∞[, �
�e �q�u�i� �a�s�s�u�r�e �l�a� �d�é�f�i�n�i�t�i�o�n� �d�e F.

y A�v�e�
 �l�e �
�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e u =
t

x
�o�n� �o�b�t�i�e�n�t

∀k ∈ [[0,N]], ∫+∞

0

e−t/xt
k+λ−µ

µ dt = x
k+λ
µ

∫+∞

0

e−ut
k+λ
µ

−1
du = x

k+λ
µ Γ

(
k+ λ

µ

).D�e �p�l�u�� ∫+∞

0

e
−t/x

ρN(t)dt =
x−→0+

o

(
x

N+λ
µ

), �d�o�n�
 �q�u�a�n�d� x −→ 0+

F(x) =

N∑

k+0

akΓ

(
k + λ

µ

)
+ o

(
x

N+λ
µ

)3a�. ∀s > −1, φ(s) = s − ln(1+ s), �d�o�n�
 ∀s > −1,φ ′(s) =
s

1 + s
, �d�'�o�ù� �l�e �t�a�b�l�e�a�u� �d�e �v�a�r�i�a�t�i�o�n��

s −1 0 +∞
φ ′(s) − 0 +

+∞ +∞
φ(s) ց ր

0

# L�a� �f�o�n�
�t�i�o�n� φ �é�t�a�n�t �
�o�n�t�i�n�u�e �s�t�r�i�
�t�e�m�e�n�t �d�é�
�r�o�i�s�s�a�n�t�e �s�u�r� ] − 1, 0[, �d�o�n�
 �s�a� �r�e�s�t�r�i�
�t�i�o�n� �à� ] − 1, 0[
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�e�s�t �b�i�j�e�
�t�i�v�e �d�e ] − 1, 0[ �v�e�r�� ]0,+∞[.
# D�e �m�ê�m�e �e�l�l�e �e�s�t �
�o�n�t�i�n�u�e �s�t�r�i�
�t�e�m�e�n�t �
�r�o�i�s�s�a�n�t�e �s�u�r� ]0,+∞[, �d�o�n�
 �s�a� �r�e�s�t�r�i�
�t�i�o�n� �à� ]0,+∞[ �e�s�t�b�i�j�e�
�t�i�v�e �d�e ]0,+∞[ �à� ]0,+∞[.

−1 0

φ

3b. # L�a� �f�o�n�
�t�i�o�n� s 7−→ ln(1 + s) �e�s�t �d�é�v�e�l�oǑp�p�a�b�l�e �e�n� �s�é�r�i�e �e�n�t�i�è�r�e �s�u�r� ] − 1, 1[ �e�t �o�n� �a�
∀s ∈] − 1, 1[, ln(1+ s) =

+∞∑

k=1

(−1)k−1 s
k

k
, �d�o�n�


∀s ∈] − 1, 1[, φ(s) =
+∞∑

k=2

(−1)
k s

k

k
= s

2
+∞∑

k=0

(−1)
k sk

k + 23
. • φ(s) =
s2

2
−
s3

3
+
s4

4
=
0+
o(s4).O�n� �p�oǑs�e s = a1q+ a2q

2 + a3q
3 + a4q

4, �a�l�o�r�� q −→ 0+ =⇒ s −→ 0+.
s2 = a2

1q
2+ 2a1a2q

3+ (2a1a3 + a
2
2)q

4+ o(q4)

s3 = a3
1q

3+ 3a2
1a2q

4+ o(q4)

s4 = a4
1q

4+ o(q4)�d�o�n�
 φ(s) =
a2
1

2
q2 + (a1a2 −

a3
1

3
)q3 + (a1a3 +

a2
2

2
− a2

1a2 +
a4
1

4
)q4 + o(q4) �e�t �p�a�r� �s�u�i�t�e φ(s) = q2 �e�x�i�g�e �l�e�s�y�s�t�è�m�e 




a2
1 = 2

a2 =
a2
1

3

a3 = a1a2 −
a2
2

2
a1 −

a3
1

4�
�e �q�u�i� �d�o�n�n�e b1 =
√
2, b2 =

2

3
, b3 =

1

9
√
2

�e�t c1 = −
√
2, c2 =

2

3
, c3 = −

1

9
√
2
.

• P�a�r� �h�y�p�o�t�h�è�s�e �l�o�r�s�q�u�e q −→ 0+ , φ−1
+ (q2) =

+∞∑

k=1

bkq
k �e�t φ−1

− (q2) =

+∞∑

k=1

ckq
k, �d�o�n�
 φ−1

+ (q) =

+∞∑

k=1

bk
√
q
k �e�t

φ−1
− (q) =

+∞∑

k=1

ck
√
q
k, �e�t �p�a�r� �s�u�i�t�e

φ
−1
+ (q) =

√
2q +

2q

3
+
q3/2

9
√
2
+ o(q

3/2
) �e�t φ

−1
− (q) = −

√
2q +

2q

3
−
q3/2

9
√
2
+ o(q

3/2
)

• E�n� �d�é�r�i�v�a�n�t �l��é�g�a�l�i�t�é φ−1
+ (q2) =

+∞∑

k=1

bkq
k, �o�n� �o�b�t�i�e�n�t 2q(φ−1

+ ) ′(q2) =

+∞∑

k=1

kbkq
k−1, �d�o�n�


(φ−1
+ ) ′(q) =

1

2
√
q
(b1 + 2b2

√
q+ 3b3q + o(q)) =

1√
2q

+
2

3
+

√
q

6
√
2
+ o(

√
q).
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E�n� �r�e�m�p�l�a�
�a�n�t b1, b2, b3 �p�a�r� c1, c2, c3 �o�n� �o�b�t�i�e�n�t �l��é�g�a�l�i�t�é (φ−1
− ) ′(q) =

1√
2q

+
2

3
+

√
q

6
√
2
+ o(

√
q).3d�. D'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� 1b. �e�t �g�r�â�
�e �à� �l�a� �r�e�l�a�t�i�o�n� �d�e C�h�a�s�l�e��

∀y > 0, Γ(y) = e−yyy
∫+∞

−1

e
−yφ(s)

ds = e
−y
y
y

∫0

−1

e
−yφ(s)

ds + e
−y
y
y

∫+∞

0

e
−yφ(s)

ds.
# O�n� �f�a�i�t �l�e �
�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e φ(s) = q �d�a�n�� �l�e�� �d�e�u�x �i�n�t�é�g�r�a�l�e�� �o�ù� φ = φ− �p�o�u�r� �l�a� �p�r�e�m�i�è�r�e�e�t φ = φ+ �p�o�u�r� �l�a� �d�e�u�x�i�è�m�e. O�n� �o�b�t�i�e�n�t �d�o�n�

∫0

−1

e
−yφ(s)

ds =

∫0

+∞

e
−yq

(φ
−1
− )

′
(q)dq �e�t ∫+∞

0

e
−yφ(s)

ds =

∫+∞

0

e
−yq

(φ+
−1

)
′
(q)dq, �d�'�o�ù�

Γ(y) = e
−y
y
y

∫+∞

0

e
−yq

(
(φ

−1
+ )

′
(q) − (φ

−1
− )

′
(q)

)
dq3e. O�n� �p�oǑs�e f(q) = (φ−1

+ ) ′(q) − (φ−1
− ) ′(q) =

√
2√
q
+

√
2

6

√
q+ o(

√
q), �a�l�o�r�� �l�o�r�s�q�u�e q �t�e�n�d� �v�e�r�� 0,

f(q) = a0q
(λ−µ)/µ + a1q

(1+λ−µ)/µ + o(q(1+λ−µ)/µ), �a�v�e�
 a0 =
√
2, a1 =

√
2

6
�e�t λ = 1/2, µ = 1.D'�a�p�r�è�� 2d. �e�t �p�u�i�s�q�u�e Γ (

1

2

)
=

√
π, Γ (

3

2

)
=
1

2
Γ

(
1

2

)
=

√
π

2
, �o�n� �a�u�r�a� �l�o�r�s�q�u�e y �t�e�n�d� �v�e�r�� +∞

F(1/y) =

∫+∞

0

e
−qy

f(q)dq = a0Γ(1/2)y
−1/2

+ a1Γ(3/2)y
−3/2

+ o(y
−3/2

) =

(
2π

y

)1/2

(1+
1

12y
+ o(1/y)), �d�o�n�
�l�o�r�s�q�u�e y −→ +∞ Γ(y) = e−yyyF(1/y) = e−yyy

(
2π

y

)1/2 (
1+

1

12y
+ o(1/y)

)

Deuxième partie4. • L�a� �f�o�n�
�t�i�o�n� t 7−→ e−t/xt−1 �e�s�t �
�o�n�t�i�n�u�e �s�u�r� [1,+∞[ �e�t e−t/xt−1 =
+∞

o

(
1

t2

), �d�o�n�
 F �e�s�t �b�i�e�n� �d�é�f�i�n�i�e.
• L�e �
�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e u =

x

t
, �
�o�n�d�u�i�t �à� F(x) = ∫x

0

e−1/u

u2
du.L�a� �f�o�n�
�t�i�o�n� u 7−→ e−1/u

u2
�é�t�a�n�t �d�e �
�l�a�s�s�e C∞ �s�u�r� ]0,+∞[, �d�o�n�
 �l�a� �f�o�n�
�t�i�o�n� F �e�s�t �d�e �
�l�a�s�s�e C∞ �
�o�m�m�e�s�a� �p�r�i�m�i�t�i�v�e.5. S�o�i�t A > 1. A�p�r�è�� N �i�n�t�é�g�r�a�t�i�o�n�� �p�a�r� �p�a�r�t�i�e��, �o�n� �o�n�b�t�i�e�n�t ∫A

1

e−t/x

t
dt =

∫A

1

(
(−x)

N
e
−t/x

)(N) 1

t
dt =

[
N∑

k=1

(−1)
k

(
(−x)

N
e
−t/x

)(N−k)
(
1

t

)(k−1)
]A

1

+ (−1)
N

∫A

1

(−x)
N
e
−t/x

(
1

t

)(N)

dt.�o�r� (−1)k (
(−x)Ne−t/x

)(N−k)

(
1

t

)(k−1)

= (−1)k−1(k − 1)!xk
e−t/x

tk
, �d�o�n�
 �e�n� �t�e�n�d�a�n�t A �v�e�r�� +∞, �o�n� �o�b�t�i�e�n�t

∀x > 0, F(x) = SN(s) + RN(x)6a�. # I�l ��'�a�g�i�t �d�'�u�n�e �s�é�r�i�e �e�n�t�i�è�r�e �d�e �r�a�y�o�n� �d�e �
�o�n�v�e�r�g�e�n�
�e R = 0, �o�b�t�e�n�u� �p�a�r� �l�e �
�r�i�t�è�r�e �d�e D'�a�l�e�m�b�e�r�t,�d�o�n�
 �l�e �d�o�m�a�i�n�e �d�e �
�o�n�v�e�r�g�e�n�
�e �e�s�t �l�e �s�i�n�g�l�e�t�o�n� {0}.
# S�i� (RN(x))N �e�s�t �b�o�r�n�é�e, �a�l�o�r�� �g�r�â�
�e �à� �l��é�g�a�l�i�t�é SN(x) = F(x)−RN(x), (SN(x))N �e�s�t �a�u�s�s�i� �b�o�r�n�é�e, �d�o�n�
 �d�e�m�ê�m�e �p�o�u�r� (S2N+1(x) − S2N(x))N, �m�a�i�� ∀x > 0, S2N+1(x) − S2N(x) = (2N)!x2N+1e−1/x �q�u�i� �n�'�e�s�t �p�a�� �b�o�r�n�é, �p�u�i�s�q�u�e (2N)!x2N+1 �e�s�t �l�e �t�e�r�m�e �g�é�n�é�r�a�l �d�e �l�a� �s�é�r�i�e �e�n�t�i�è�r�e ∑

(−1)
k−1

(k − 1)!x
k �q�u�i� �e�s�t �d�i�v�e�r�g�e�n�t�e�p�o�u�r� �t�o�u�t x > 0.6b. #∀ ≥ 1, e−t/x 1

tN+1
≤ e−t/x , �d�o�n�


∀x > 0, |RN(x)| = N!xN
∫+∞

1

e
−t/x 1

tN+1
dt ≤ N!x

N

∫+∞

1

e
−t/x

= N!x
N+1

e
−1/x

= |rN(x)|.
# |RN+1(x)| ≤ |rN(x)| = (N + 1)x|rN(x)|, �d�o�n�
 0 ≤ |RN+1(x)|

|rN(x)|
≤ (N + 1)x −→

x−→0+
0, �d�o�n�


|RN+1(x)| =
0+
o(|rN(x)|).6
. P�a�r� �u�n�e �i�n�t�é�g�r�a�t�i�o�n� �p�a�r� �p�a�r�t�i�e��, �o�n� �o�b�t�i�e�n�t

RN+1(x) = (−1)N+1N!xN+1

∫+∞

1

e
−t/x

(
−1

tN+1

) ′

dt = (−1)
N+1

N!x
N+1

e
−1/x

+ (−1)
N
N!x

N

∫+∞

1

e−t/x

tN+1
dt = −rN(x) +
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RN(x), �d�o�n�

RN(x) − rN(x) = RN+1(x) =

0+
o(rN(x)) �
'�e�s�t �à� �d�i�r�e RN(x) ∼

0+
rN(x)6d�. S�o�i�t x ∈]0, 1/2[, 0 < |rN+1(x)|

|rN(x)|
= (N + 1)x ≤ 1⇐⇒ N ≤ 1

x
− 1⇐⇒ N ≤ E

(
1

x
− 1

).P�oǑs�o�n�� N0 = E

(
1

x
− 1

)
≥ 1, �p�u�i�s�q�u�e 0 < x < 1

2
, �a�l�o�r��L�a� �s�u�i�t�e (|rN(x)|)N≥1 �e�s�t �d�é�
�r�o�i�s�s�a�n�t�e �j�u�s�q�u�'�à� �l�e �r�a�n�g N0, �p�u�i�� �
�r�o�i�s�s�a�n�t�e.7a�. # SN(x) =

2M∑

k=1

(−1)
k−1

(k− 1)!x
k
e
−1/x

=

2M∑

k=1

(−1)
k−1

|rk−1(x)| = |r2M(x)| +

M−1∑

k=1

(|r2k(x)| − |r2k+1(x)|) > 0.
# N �é�t�a�n�t �p�a�i�r�e, �d�o�n�
 RN(x) > 0 �e�t �p�a�r� �s�u�i�t�e F(x) = SN(x) + RN(x) > SN(x).
# |RN(x)| ≤ |rN(x)| = N!xN+1e−1/x, �d�o�n�
 EN(x) =

∣∣∣∣
RN(x)

F(x)

∣∣∣∣ ≤ N!xN+1e−1/x

SN(x)
=

N!xN+1

SN(x)e1/x
, �o�r� SN(x)e1/x =

2M∑

k=1

(−1)
k−1

(k− 1)!x
k
=

2M−1∑

k=0

(−1)
k
k!x

k+1
=

M−1∑

l=0

(2l)!x
2l+1

−

M−1∑

l=0

(2l+ 1)!x
2l+2

=

M−1∑

l=0

(1 − (2l + 1)x)(2l)!x
2l+1.C�e �q�u�i� �d�o�n�n�e �l��i�n�é�g�a�l�i�t�é EN(x) ≤ N!xN+1

M−1∑

l=0

(1 − (2l + 1)x)(2l)!x
2l+1

.7b. O�n� �a�p�p�l�i�q�u�e �l��i�n�é�g�a�l�i�t�é �p�r�é�
�é�d�e�n�t�e �a�v�e�
 M = 2, x = 1

10
. O�n� �o�b�t�i�e�n�t

E4

(
1

10

)
≤ 4!(1/10)5

9

102
+ (1 −

3

10
)2
1

103

=
24

9, 049
10

−3 ≤ 27

9
10

−3
= 3.10

−3

Troixième partie8. S�o�i�t h : (θ1, θ2) 7−→
n∑

i=1

fi(θ1)gi(θ2) �o�ù� n ∈ N
∗, f1, ..., fn, g1, ..., gn ∈ Cper(R) �e�t �s�o�i�t ε > 0, �a�l�o�r�� �i�l �e�x�i�s�t�e�d�e�� �p�o�l�y�n���m�e�� �t�r�i�g�o�n�o�m�é�t�r�i�q�u�e�� P1, ..., Pn,Q1, ...,Qn �t�e�l�� �q�u�e ∀i ∈ [[1, n]], ‖fi − Pi‖∞ ≤ ε

2nM
�e�t ‖gi −

Qi‖∞ ≤ ε

2nM
�o�ù� M = max

1≤i≤n
(‖fi‖∞, ‖gi‖∞). C�o�n�s�i�d�é�r�o�n�� �l�e �p�o�l�y�n���m�e �t�r�i�g�o�n�o�m�é�t�r�i�q�u�e R : (θ1, θ2) 7−→

n∑

i=1

Pi(θ1)Qi(θ2), �a�l�o�r��
∀θ1, θ2 ∈ R, ∣∣∣∣∣h(θ1, θ2) −

n∑

i=1

Pi(θ1)Qi(θ2)

∣∣∣∣∣ ≤
n∑

i=1

|fi(θ1)gi(θ2) − Pi(θ1)Qi(θ2)| ≤

≤
n∑

i=1

|fi(θ1) − Pi(θ1)||gi(θ2)| +

n∑

i=1

|Pi(θ1)||gi(θ2) −Qi(θ2)| ≤

≤
n∑

i=1

(‖fi − Pi‖∞‖gi‖∞ + ‖Pi‖∞‖gi −Qi‖∞) ≤ ε

2
+
ε

2
= ε �e�t �p�a�r� �p�a�s�s�a�g�e �a�u� �s�u�p� �s�u�r� (θ1, θ2) ∈ R

2, �o�n��o�b�t�i�e�n�t ‖h − R‖∞ ≤ ε.9. L�e �g�r�a�p�h�e �d�e ψj �e�s�t �l�e �s�u�i�v�a�n�t :
| |

−1+ 1/j −1/j 1/j

0 1/2 1

1 − 1/j
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# G�r�â�
�e �a�u� �g�r�a�p�h�e, ψj �é�t�a�n�t �
�o�n�t�i�n�u�e �s�u�r� R �p�é�r�i�o�d�i�q�u�e, �d�o�n�
 ψj,k �e�s�t �
�o�n�t�i�n�u�e �p�a�r� �
�o�m�p�oǑs�i�t�i�o�n�, �d�e�p�l�u�� ∀t ∈ R, ψj,k(t+ 1) = ψj(t+ 1− k/j) = ψj(t− j/k) = ψj,k(t). E�n� �d�é�f�i�n�i�t�i�v�e ψj,k ∈ Cper(R).10a�. # ∀k1, k2 ∈ [[0, j − 1]], �l�e�� �f�o�n�
�t�i�o�n�� (θ1, θ2) 7−→ ψj,k1
(θ1)ψj,k2

(θ2) �s�o�n�t �d�e�� �é�l�é�m�e�n�t�� �d�e Csep(R
2) �q�u�i� �e�s�t�u�n� R− �e�s�p�a�
�e �v�e�
�t�o�r�i�e�l, �d�o�n�
 �p�a�r� �
�o�m�b�i�n�a�i�s�o�n� �l�i�n�é�a�i�r�e, Sj(f) ∈ Csep(R

2).
# S�o�i�t (l1, l2) ∈ Z

2, j ≥ 2 �e�t k1, k2 ∈ [[0, j − 1]]. O�n� �a� ψj,k1

(
l1

j

)
= ψj

(
l1 − k1

j

).
ψj �é�t�a�n�t 1− �p�é�r�i�o�d�i�q�u�e, �d�o�n�
 �q�u�i�t�t�e �à� �f�a�i�r�e �u�n�e �d�i�v�i�s�i�o�n� �e�u�
�l�i�d�i�è�n�n�e �d�e l1 �p�a�r� j, �o�n� �p�e�u�t �s�u�p�p�oǑs�e�r��q�u�e l1 ∈ [[0, j − 1]], �d�o�n�
 0 ≤ |l1 − k1| < j �e�t �p�a�r� �s�u�i�t�e 0 ≤ |l1 − k1|

j
< 1, �d�e �p�l�u�� ψj �e�s�t �s�y�m�é�t�r�i�q�u�e �p�a�r��r�a�p�p�o�r�t �à� �l�a� �d�r�o�i�t�e x =

1

2
, �d�o�n�
 �o�n� �p�e�u�t �s�u�p�p�oǑs�e�r� �q�u�e 0 ≤ |l1 − k1|

j
<
1

2
.- S�i� l1 6= k1, �a�l�o�r�� |l1 − k1| ≥ 1, �d�o�n�
 |l1 − k1|

j
≥ 1

j
�e�t �p�a�r� �s�u�i�t�e ψj

(
l1 − k1

j

)
= 0.- S�i� l1 = k1, �a�l�o�r�� ψj

(
l1 − k1

j

)
= ψj(0) = 1.E�n� �d�é�f�i�n�i�t�i�v�e ψj,k1

(
l1

j

)
= δl1,k1

�d�e �m�ê�m�e ψj,k2

(
l2

j

)
= δl2,k2

. O�n� �o�b�t�i�e�n�t �d�o�n�

Sj(f)

(
l1

j
,
l2

j

)
= f

(
l1

j
,
l2

j

).10b. • S�o�i�t θ = (θ1, θ2) ∈
[
k1

j
,
k1 + 1

j

[
×

[
k2

j
,
k2 + 1

j

[.
Sj(f)(θ) =

j−1∑

l1=0

j−1∑

l2=0

f

(
l1

j
,
l2

j

)
ψj,l1(θ1)ψj,l2(θ2).

# O�n� �s�u�p�p�oǑs�e �q�u�e k1 ≤ j − 2.- S�i� l1 = k1, θ1 −
k1

j
∈

[
0,
1

j

[, �d�o�n�
 ψj(θ1 −
k1

j
) = 1− jθ1 + k1 = α1.- S�i� l1 = k1 + 1, θ1 −

k1 + 1

j
∈

[
−1

j
, 0

[, �d�o�n�
 ψj(θ1 −
k1 + 1

j
) = 1 + jθ − k1 − 1 = jθ1 − k1 = α2.- S�i� 0 ≤ l1 ≤ k1 − 1, θ1 −

l1

j
∈

[
k1 − l1

j
,
k1 − l1 + 1

j

[
⊂

[
1

j
,
j − 1

j

[, �d�o�n�
 ψj(θ1 −
l1

j
) = 0- S�i� k1 + 2 ≤ l1 ≤ j − 1, θ1 −

l1

j
∈

[
k1 − l1

j
,
k1 − l1 + 1

j

[
⊂

[
−1+

1

j
,
−1

j

[, �d�o�n�
 ψj(θ1 −
l1

j
) = 0

# O�n� �s�u�p�p�oǑs�e �q�u�e k1 = j − 1.- S�i� l1 = k1 = j − 1, θ1 −
k1

j
∈

[
0,
1

j

[, �d�o�n�
 ψj(θ1 −
k1

j
) = −jθ1 + j = α1.- S�i� l1 = 0, θ1 −

0

j
∈

[
1−

1

j
, 1

[, �d�o�n�
 �p�a�r� �p�é�r�i�o�d�i�
�i�t�é �e�t �v�u� �q�u�e (θ1 − 1) ∈
[
−1

j
, 0

[, �o�n� �a�u�r�a�
ψj(θ1 −

0

j
) = ψj(θ1 − 1) = 1+ jθ1 − j = α2.- S�i� 1 ≤ l1 ≤ j − 2, θ1 −

l1

j
∈

[
k1 − l1

j
,
k1 − l1 + 1

j

[
⊂

[
1

j
, 1−

1

j

[, �d�o�n�
 ψj(θ1 −
l1

j
) = 0.E�n� �d�é�f�i�n�i�t�i�v�e S�i� l1 ∈ {k1, k1 + 1}, ψj,k1

(θ1) = α1 �e�t ψj,k1+1(θ1) = α2, �a�v�e�
 α1 + α2 = 1.S�i� l1 6= {k1, k1 + 1}, ψj,l1(θ1) = 0.O�r� k1 �e�t k2 �j�o�u�e�n�t �u�n� �r���l�e �s�y�m�é�t�r�i�q�u�e, �d�o�n�
 �o�n� �o�b�t�i�e�n�t �l�e�� �m�ê�m�e�� �r�é�s�u�l�t�a�t�� �p�o�u�r� θ2, �o�n� �n�o�t�e ψj,k2
(θ2) =

β1 �e�t ψj,k2+1(θ2) = β2.O�n� �
�o�n�
�l�u�t �d�o�n�

Sj(θ) = α1β1f

(
k1

j
,
k2

j

)
+ α1β2f

(
k1

j
,
k2 + 1

j

)
+ α2β1f

(
k1 + 1

j
,
k2

j

)
+ α2β2f

(
k1 + 1

j
,
k2 + 1

j

)�a�v�e�
 α1β1 + α1β2 + α2β1 + α2β2 = (α1 + α2)(β1 + β2) = 1.
• S�o�i�t ε > 0. O�n� �é�
�r�i�t [0, 1[2=

⋃

0≤k1,k2≤j−1

([
k1

j
,
k1 + 1

j

[
×

[
k2

j
,
k2 + 1

j

[).
∀θ ∈

[
k1

j
,
k1 + 1

j

[
×

[
k2

j
,
k2 + 1

j

[, |Sj(f)(θ) − f(θ)| ≤ α1β1

∣∣∣∣f
(
k1

j
,
k2

j

)
− f(θ)

∣∣∣∣ + α1β2

∣∣∣∣f
(
k1

j
,
k2 + 1

j

)
− f(θ)

∣∣∣∣+

+α2β1

∣∣∣∣f
(
k1 + 1

j
,
k2

j

)
− f(θ)

∣∣∣∣ + α2β2

∣∣∣∣f
(
k1 + 1

j
,
k2 + 1

j

)
− f(θ)

∣∣∣∣
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�o�r� f �e�s�t �u�n�i�f�o�r�m�é�m�e�n�t �
�o�n�t�i�n�u�e �s�u�r� �l�e �
�o�m�p�a�
�t [0, 1]2, �d�o�n�
 �i�l �e�x�i�s�t�e α > 0 �t�e�l �q�u�e ∀θ, φ ∈ [0, 1]2, �o�n��a� ‖θ − φ‖ ≤ α =⇒ |f(θ) − f(φ)| ≤ ε.
‖(θ1, θ2) −

(
k1

j
,
k2

j

)
‖2 = (θ1 −

k1

j
)2 + (θ2 −

k2

j
)2 ≤ 2

j2
−→

j−→+∞

0, �d�o�n�
 ∃j0 �t�e�l �q�u�e
∀j ≥ j0, ∥∥∥∥(θ1, θ2) −

(
k1

j
,
k2

j

)∥∥∥∥ ≤ α, �d�o�n�
 |Sj(f)(θ) − f(θ)| ≤ (α1β1 + α1β2 + α2β1 + α2β2)ε = ε, �
�e �q�u�i� �d�o�n�n�e�p�a�r� �p�a�s�s�a�g�e �a�u� �s�u�p� ‖Sj(f) − f‖∞ ≤ ε.11. D'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� 8., �l��e�n�s�e�m�b�l�e �d�e�� �p�o�l�y�n���m�e�� �t�r�i�g�o�n�o�m�é�t�r�i�q�u�e�� �e�n� �d�e�u�x �v�a�r�i�a�b�l�e�� �e�s�t �d�e�n�s�e �d�a�n��
Csep(R

2) �e�t �o�n� �v�i�e�n�t �d�e �m�o�n�t�r�e�r� �d�a�n�� �l�a� �q�u�e�s�t�i�o�n� 10 �q�u�e Csep(R
2) �e�s�t �d�e�n�s�e �d�a�n�� Cper(R

2), �o�n� �
�o�n�
�l�u�t�d�o�n�
 �p�a�r� �t�r�a�n�s�i�t�i�v�i�t�é �d�e �l�a� �d�e�n�s�i�t�é.
Quatrième partie12. # ∀t ∈ R, α ′(t) = ω⇐⇒ ∀t ∈ R, α(t) = tω + α(0) ⇐⇒ ∀t ∈ R, α(t) = tω.

# ∀t ∈ R, F ′(t) = f(α(t)) ⇐⇒
∀t ∈ R, F ′(t) = f(tω) ⇐⇒ ∀t ∈ R, F(t) = F(0) +

∫t

0

f(sω)ds⇐⇒ ∀t ∈ R, F(t) =

∫ t

0

f(sω)ds.13. ω �e�s�t �r�é�s�o�n�n�a�n�t, �d�o�n�
 k1ω1 + k2ω2 = 0 �o�ù� k1, k2 ∈ Z r {0}.S�o�i�t f : (θ1, θ2) 7−→ ei2π(k1θ1+k2θ2), �a�l�o�r�� f �e�s�t �
�o�n�t�i�n�u�e 1− �p�é�r�i�o�d�i�q�u�e �e�t f(tω) = f(tω1, tω2) = e
i2πt(k1ω1+k2ω2) =

e0 = 1, �d�o�n�
 F(t) = ∫ t

0

1dt = t.14a�. U�n� �p�o�l�y�n���m�e �t�r�i�g�o�n�o�m�é�t�r�i�q�u�e �e�s�t �
�o�m�b�i�n�a�i�s�o�n� �l�i�n�é�a�i�r�e �d�e �f�o�n�
�t�i�o�n�� �d�e �l�a� �f�o�r�m�e fk : (θ1, θ2) 7−→
ei2π(k1θ1+k2θ2) �o�ù� k1, k2 ∈ Z, �d�o�n�
 �i�l �s�u�f�f�i�t �d�e �m�o�n�t�r�e�r� �q�u�e F �e�s�t �b�o�r�n�é�e �p�o�u�r� �l�e�� fk.
# ∀t ∈ R, F(t) =

∫ t

0

fk(sω)ds =

∫t

0

e
i2πt(k1ω1+k2ω2)

ds, ω �n�'�e�s�t �p�a�� �r�é�s�o�n�n�a�n�t, �d�o�n�
 k1ω1 + k2ω2 6= 0,�d�o�n�
 F(t) = 1

i2π(k1ω1 + k2ω2)
(ei2πt(k1ω1+k2ω2) − 1) �e�t �p�a�r� �p�a�s�s�a�g�e �a�u� �m�o�d�u�l�e �e�t �e�n� �u�t�i�l�i�s�a�n�t �l��i�n�é�g�a�l�i�t�é�t�r�i�a�n�g�u�l�a�i�r�e, �o�n� �o�b�t�i�e�n�t

∀t ∈ R, |F(t)| ≤ 1

π|k1ω1 + k2ω2|14b. S�o�i�t f ∈ Cper(R
2) �e�t �s�o�i�t ε > 0, �a�l�o�r�� �p�a�r� �d�e�n�s�i�t�é �d�e �l�a� �q�u�e�s�t�i�o�n� 11., �i�l �e�x�i�s�t�e Q �u�n� �p�o�l�y�n���m�e�t�r�i�g�o�n�o�m�é�t�r�i�q�u�e �t�e�l �q�u�e ‖f −Q‖∞ ≤ ε.

∀t ∈ R, F(t) =

∫ t

0

f(sω)ds =

∫ t

0

(f(sω) −Q(sω))ds +

∫t

0

Q(sω)ds, �d�o�n�

∀t ∈ R, |F(t)| ≤

∫t

0

‖f−Q‖∞ds+M ≤ εt+M �o�ù� M �u�n� �m�a�j�o�r�a�n�t �d�e ∣∣∣∣
∫ t

0

Q(sω)ds

∣∣∣∣ �j�u�s�t�i�f�i�é �p�a�r� �l�a� �q�u�e�s�t�i�o�n��p�r�é�
�é�d�e�n�t�e.O�n� �a� M =
+∞

o(t), �d�o�n�
 �i�l �e�x�i�s�t�e A > 0 �t�e�l �q�u�e ∀t > A, M ≤ εt �e�t �p�a�r� �s�u�i�t�e ∀t > A, |F(t)| ≤ 2εt, �
'�e�s�t �à��d�i�r�e F(t) =
+∞

o(t).15a�. • h �é�t�a�n�t �d�e �
�l�a�s�s�e C1, �d�o�n�
 �s�e�� �d�é�r�i�v�é�e�� �p�a�r�t�i�e�l�l�e�� �s�o�n�t �
�o�n�t�i�n�u�e�� �e�t �o�n� �a� ∀θ = (θ1, θ2) ∈ R
2, dh(θ).ω =

ω1
∂h

∂θ1
+ω2

∂h

∂θ2
, �o�r� �g�r�â�
�e �à� �l�a� �p�é�r�i�o�d�i�
�i�t�é �d�e h �p�a�r� �r�a�p�p�o�r�t �à� �s�e�� �d�e�u�x �v�a�r�i�a�b�l�e��

∫1

0

∂h

∂θ1
dθ1 = h(1, θ2) − h(0, θ2) = 0 �e�t �e�n� �i�n�v�e�r�s�a�n�t �l�e�� �r���l�e�� �d�e θ1 �e�t θ2, �o�n� �a� �a�u�s�s�i� ∫1

0

∂h

∂θ2
dθ2 = 0 �d�o�n�
�e�n� �p�e�r�m�u�t�a�n�t �l�e�� �d�e�u�x �i�n�t�é�g�r�a�l�e�� �q�u�i� �e�s�t �p�e�r�m�i� �p�a�r� �l��é�n�o�n�
�é, �o�n� �o�b�t�i�e�n�t

∫1

0

∫1

0

dh(θ).ω dθ1dθ2 = 0.E�n� �i�n�t�é�g�r�a�n�t �l��é�g�a�l�i�t�é dh(θ).ω + g(θ) = ν, �o�n� �a�u�r�a� ν =

∫1

0

∫1

0

g(θ)dθ1dθ2.
• L'�é�q�u�a�t�i�o�n� (4) �e�s�t �é�q�u�i�v�a�l�e�n�t�e �a�u� �s�y�s�t�è�m�e ω1

∂hi

∂θ1
+ω2

∂hi

∂θ2
+ gi(θ) = νi, (i = 1, 2) �o�ù� (h1, h2), (g1, g2) �e�t

(ν1, ν2) �s�o�n�t �l�e�� �
�o�m�p�oǑs�a�n�t�e�� �r�e�s�p�e�
�t�i�v�e�� �d�e h, g �e�t ν.Q�u�i�t�t�e �à� �t�r�a�v�a�i�l�l�e�r� �s�u�r� �l�e�� �
�o�m�p�oǑs�a�n�t�e�� �o�n� �p�e�u�t �s�u�p�p�oǑs�e�r� �q�u�e h, g �s�o�n�t �à� �v�a�l�e�u�r�� �d�a�n�� R �e�t ν ∈ R.O�n� �s�u�p�p�oǑs�e �d�o�n�
 �q�u�e h : R2
−→ R, g : R2

−→ R �e�t ν ∈ R.
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# - S�i� g = cte, �a�l�o�r�� ν = cte �e�t h = 0 �e�s�t �u�n�e �s�o�l�u�t�i�o�n� �q�u�i� �e�s�t �
�o�n�t�i�n�u�e 1− �p�é�r�i�o�d�i�q�u�e �e�t �d�e �m�o�y�e�n�n�e�n�u�l�l�e.
# - S�i� g �n�'�e�s�t �p�a�� �
�o�n�s�t�a�n�t�e. Q�u�i�t�t�e �à� �u�t�i�l�i�s�e�r� �l�e �t�h�é�o�r�è�m�e �d�e �s�u�p�e�r�p�oǑs�i�t�i�o�n�, �i�l �s�u�f�f�i�t �d�e �r�é�s�o�u�d�r�e�l��é�q�u�a�t�i�o�n� �p�o�u�r� g(θ1, θ2) = αcos(2π(k1θ1 + k2θ2)) + βsin(2π(k1θ1 + k2θ2)) �o�ù� (k1, k2) ∈ Z

2
r {(0, 0)}.O�n� �v�a� �
�h�e�r�
�h�e�r� �u�n�e �s�o�l�u�t�i�o�n� �d�e �l�a� �f�o�r�m�e h(θ) = Acos(2π(k1θ1 + k2θ2)) + Bsin(2π(k1θ1 + k2θ2)).

h �e�s�t �s�o�l�u�t�i�o�n� �d�e ω1
∂h

∂θ1
+ω2

∂h

∂θ2
+ g(θ) = ν �s�i� , �e�t �s�e�u�l�e�m�e�n�t �s�i�  −2π(ω1k1 +ω2k2)α = B

2π(ω1k1 +ω2k2)β = A
.�
�e�
�i� �i�n�v�i�t�e �à� �s�u�p�p�oǑs�e�r� �q�u�e ω �n�'�e�s�t �p�a�� �r�é�s�o�n�n�a�n�t. A�v�e�
 �
�e�t�t�e �s�u�p�p�oǑs�i�t�i�o�n� �o�n� �o�b�t�i�e�n�t

h �e�s�t �s�o�l�u�t�i�o�n�, �e�t �s�e�u�l�e�m�e�n�t �s�i�, 



α = −
B

2π(ω1k1 +ω2k2)

β =
A

2π(ω1k1 +ω2k2)

, �
�e �q�u�i� �p�r�o�u�v�e �l��e�x�i�s�t�e�n�
�e �d�e h.C�o�n�
�l�u�s�i�o�n� : S�i� �o�n� �p�oǑs�e g1(θ1, θ2) =
∑

k∈K

akcos(2π(k1θ1 + k2θ2) + bksin(2π(k1θ1 + k2θ2))) �e�t g2(θ1, θ2) =

∑

k∈K

ckcos(2π(k1θ1 + k2θ2) + dksin(2π(k1θ1 + k2θ2))) �o�ù� K �e�s�t �u�n�e �p�a�r�t�i�e �f�i�n�i�e �d�e Z
2, �a�l�o�r�� �l�a� �s�o�l�u�t�i�o�n� h�e�s�t �d�o�n�n�é�e �p�a�r� :

h1(θ1, θ2) =
∑

k∈Kr{(0,0)}

1

2π(ω1k1 +ω2k2)
(−bkcos(2π(ω1k1 +ω2k2)) + aksin(2π(ω1k1 +ω2k2)))

h2(θ1, θ2) =
∑

k∈Kr{(0,0)}

1

2π(ω1k1 +ω2k2)
(−dkcos(2π(ω1k1 +ω2k2)) + cksin(2π(ω1k1 +ω2k2)))15b. E�n� �d�é�r�i�v�a�n�t �l��é�g�a�l�i�t�é α̃(t) = α(t) + xh(α(t)) �p�a�r� �r�a�p�p�o�r�t �à� t �g�r�â�
�e �à� �l�a� �
�l�a�s�s�e C1 �d�e�� �f�o�n�
�t�i�o�n�� �q�u�i��i�n�t�e�r�v�i�e�n�n�e�n�t �d�a�n�� �
�e�t�t�e �é�g�a�l�i�t�é, �o�n� �a�u�r�a�

∀t ∈ R, α̃ ′(t) = α ′(t) + xdh(α(t)).α ′(t), �o�r� �d�'�a�p�r�è�� �l��é�q�u�a�t�i�o�n� (3) , α ′(t) = ω+ xg(α(t)), �d�o�n�

∀t ∈ R, α̃ ′(t) = ω + xg(α(t)) + xdh(α(t)).(ω + xg(α(t))), �e�t �p�u�i�s�q�u�e �d�'�a�p�r�è�� �l��é�q�u�a�t�i�o�n� (4)
g(α(t)) + dh(α(t)).ω = ν, �o�n� �o�b�t�i�e�n�t ∀t ∈ R, α̃ ′(t) = (ω+ xν) + x2dh(α(t)).(g(α(t))) �e�t �p�a�r� �s�u�i�t�e
∀t ∈ R, α̃ ′(t) = (ω + xν) + xε(x, t) �a�v�e�
 ε(x, t) = xdh(α(t)).g(α(t)).
# M�o�n�t�r�o�n�� �q�u�e sup

t∈R

‖ε(x, t)‖ −→
x−→0

0.
h �é�t�a�n�t �d�e �
�l�a�s�s�e C1 �p�é�r�i�o�d�i�q�u�e, �d�o�n�
 dh : R2

−→ R
2 �e�s�t �
�o�n�t�i�n�u�e �p�é�r�i�o�d�i�q�u�e, �d�o�n�
 �e�l�l�e �e�s�t �b�o�r�n�é�e �s�u�r�

R
2, �
�e �q�u�i� �a�s�s�u�r�e �l��e�x�i�s�t�e�n�
�e �d�e M > 0 �t�e�l �q�u�e ∀t ∈ R, |||dh(α(t))||| ≤ M.�d�e �p�l�u�� ∀t ∈ R, ‖g(α(t))‖ = ‖ν − dh(α(t)).ω‖ ≤ ‖ν‖ + |||dh(α(t))|||‖ω‖ ≤ ‖ν‖ +M‖ω‖.�e�t �p�a�r� �s�u�i�t�e ∀t ∈ R, ‖ε(x, t)‖ ≤ |x|M(‖ν‖ +M‖ω‖), �
�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e sup

t∈R

‖ε(x, t)‖ −→
x−→0

0.15
. E�n� �i�n�t�é�g�r�a�n�t �l��é�g�a�l�i�t�é �p�r�é�
�é�d�e�n�t�e �e�n�t�r�e 0 �e�t t, �o�n� �o�b�t�i�e�n�t α̃(t) − α̃(0) = t(ω+ xν) + x

∫ t

0

ε(x, s)ds �e�t �v�u� �q�u�e
α(t) = α̃(t) − xh(α(t)), �e�t α̃(0) = xh(0, 0)
α(t) = t(ω + xν) + x

∫ t

0

ε(x, s)ds − x(h(α(t)) − h(0, 0)), �d�o�n�

∀t ∈ [0, T ], α(t) = t(ω + xν) + x(h(0, 0) − h(tω)) + xη(x, t) �o�ù� η(x, t) = ∫ t

0

ε(x, s)ds + h(tω) − h(α(t)).D'�a�p�r�è�� �l��é�q�u�a�t�i�o�n� (3) �i�n�t�é�g�r�é�e �e�n�t�r�e 0 �e�t t, α(t) = tω + x

∫ t

0

g(α(s))ds �e�t �p�a�r� �s�u�i�t�e �g�r�â�
�e �à� �l��i�n�é�g�a�l�i�t�é�d�e�� �a�
�
�r�o�i�s�s�e�m�e�n�t�� �f�i�n�i�� �a�p�p�l�i�q�u�é�e �à� h �q�u�i� �e�s�t �d�e �
�l�a�s�s�e C1 �e�t �à� �l�a� �
�o�n�t�i�n�u�i�t�é �d�e goα �s�u�r� �l�e �
�o�m�p�a�
�t
[0, T ]

∀t ∈ [0, T ], ‖h(tω) − h(α(t))‖ ≤ M‖tω − α(t)‖ =M‖x
∫ t

0

g(α(s))ds‖ ≤ M|x|T sup
s∈[0,T ]

‖g(α(s))‖, �d�o�n�

∀t ∈ [0, T ], ‖η(x, t)‖ ≤ T sup

t∈R

‖ε(x, t)‖ +M|x|T sup
s∈[0,T ]

‖g(α(s))‖ �e�t �l�e �p�a�s�s�a�g�e �a�u� �s�u�p� �d�o�n�n�e
sup

t∈[0,T ]

‖η(x, t)‖ ≤ T sup
t∈R

‖ε(x, t)‖ +M|x|T sup
s∈[0,T ]

‖g(α(s))‖ −→
x−→0

0.
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