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Reduction , projector,endomorphism of rank 1 ...
Hadamard s inequality and some applications

Solution

,—{ ‘Exercise 1. N\
A is a symmetric matrix so diagonalizable.

Diagonalization of A : 4 characteristic polynomial of A is Yo = — (X +4)(X —1)(X —6),s50Sp(A) =

{—4,1,6}.
3 -4 3

A=PDP !, whereP=| -5 0 5| andD = diag(—4,1,6).
4 3 4

With wxMaxima :

(-4 + 56"+ —(-4r+ 360 S(-4r+Len- L2
n

5 10 6 5
A= PDP = 6_%(_4)n6+ %6”12 %2(_4) +%26” —8%(—4)"+§6"+%—2
2% (—4)"+ 6" =52 —=(—4)"+56"  5e(—4)"+ 550"+ 5%
Expression of sequences Uy, vy, and wy, : With wxMaxima
Un
Forn € N, we put U, = | vy, |, the recurrence relation between the sequences, (ty )y , (Vn)n and (wy), can
Wn

be written matricially ; Uy = AU, so for eachn € N ; U, = A"Uy, we get :

i = B o
v = —T(g)ny Len

n = H10( n) A
Uy = 55(—4)"+ 256" — 55

,—{ ‘Exercise 2. N\

p is a projector of E , so the polynomial X*> — X = X(X — 1) is an annifilator of p, since the two
polynomials X and X — 1 are coprime , by the primary decomposition theorem , we have; E = Ker p @
ker(p —Idg) ; other hand x € Im p if and only if x = p(x). This show that ker(p — Idg) = Im p.
Whence E =kerp ®Imp.

We denoter =rg p = dim(Im p), (vi,...,v,) a basis of a subspaceIm p and (vyy1,...,vy) a basis of
a subspace Ker p ; it is clear that (vy,...,vy) is a basis of E, the matrix of p in this basis has the form :

(8 8) , it follows thattrp = r =1gp.

11
Let u be the endomorphism of R? canonically associated to the matrix A = ( 0 1> , we have 1S U =

2 =tru , butu is not a projector, since A> # A.

MP 1/5 Aqalmoun Mohamed
www.aqalmoun.com



Maths 1

2013/2014

,—{ ‘Exercice 2. suite

0 0 1
We consider amatrices A= |0 0 O | andB=|0 0 O] weseethatrgA=1rgB=1.
00O

1 00

000

A matrix A is diagonal, so , it is diagonalizable.
A matrix B is not diagonalizable : B is nilpotent , and it's minimal polynomial is X* , it is a split polynomial
but it has a double root.

&

u an endomorphism of E of rank 1.

By the rank formula dimkeru = n —rgu = n— 1, so Keru is an hyperplane of E. Now let
(e1,...,en—1) be a basis of keru there exist e, € E such that (ey,...,e,—1,e,) be a basis of E,
obviously e, ¢ keru, we can write u(e,) = ajey +...,ane, , foralli € {1,...,n— 1}, we have
u(e;) = 0. Thus the matrix of u with respect to B = (ey, ..., ey) has desired form.

With the notations of previous question , we have ttu = ap,, and the characteristic polynomial of u is
X =X""1(X —ay).

Iftru #0iea, # 0, in this case Spu = {0,ay } , the eigenspace associated to the eigenvalue O iskeru
and dimkeru = n — 1, other a, = tru is an eigenvalue of u then dimker(u —Idg) > 1 askerun
ker(u —a,Idg) = {0} it result that dimker(u — a, Idg) = 1, that isn = dimkeru + dimker(u —
ay1dg), we deduce that u est diagonalizable.

Iftru=01iea, =0, then 0 is the unique eigenvalue of u, hence u is a nilpotent endomorphism , but the
unique nilpotent endomorphism which is diagonalizable is the zero endomorphism , since u is not a zero
endomorphism, it follows that u is not diagonalizable.

Remark_: If f is a nilpotent endomorphism of vector space of dimension n that is diagonalizable , then
=0, In fact, let BB be a basis consisting of eigenvectors of the endomorphism f, the matrix of f with
respect to BB is a zero matrix, hence f is a zero endomorphism.

rgu =1 ettru =1 # 0, by the result of previous question , u is diagonalizable (dimkeru =n—1
and dimker(u — Idg) = 1) and there exist a basis B consisting of eigenvectors of u such that A 1=
0 ... 0

Mp(u)=| : .. |, itisclear that A*> = A, that isu®> = u hence u is a projector.

0 ... 1

Let u be the endomorphism of R® canonically associated to matrix A, it is easy to verify that trA = 1
1gA =1, sotru =rgu = 1; by the previous result , u is a projector.

If we denote (e1,e3,e3) the canonical basis of R ; then u(ey) = u(ez) = —u(e3) = e; +ex +e3,
hence Imu = Vect(e; + ez +e3).

Let (x,y,7) € R, then; u(x,y,z) = 0 if and only if x +y — z = 0 if and only if 7 = x +, it follows
thatkeru = Vect((1,0,1),(0,1,1)).

PROBLEM

First part :
Preliminary questions

Any symmetric endomorphism is diagonalizable in an orthonormal basis.
Any symmetric matrix is orthogonally diagonalizable .
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The matrix$S is symmetric, its characteristic polynomialis X2, since S is not a zero matrix, then its minimal
polynomial is X* that is split an it has a double root, s0 S is not diagonalizable.
Conclusion : 4 complex symmetric matrix is not in general diagonalizable .

n n
Letx € E, by putting x = insi, we have s(x Z Aix;€;, hence (s Z

Letx = les, €5(0,1) tﬁeonHz Zx (since B is an orthonormal basis of E),

i=1 i=1

Y R <R =Y A <2,Y 2=,
i=1 : 4

thius Ry(x) € [A1, An].

Let A be an eigenvalue of s, and letv be an associated eigenvector, that is s(v) = Av, we have (s(v),v) =
A||V||?, ifs is positive then A ||v||*> > O, and A > 0. Ifs is positive definite then A||v||> > 0, and A > 0.

(s(e;),e;) = sij it parttcu[ars,, = (s(ey), el> = (ei) € M, A, thus Ay < sii < Ay
Remark.: If x = Zx,s, andy = Zy,s, then (s Z XiyjSij-

1<i,j<n

The maps M — M and M —'M are continuous, (linear in finite dimension), soM — MM continuous (product
of continuous maps), thus M — "MM — I, is a continuous map.

Let A € O,(R),then these row vectors form an orthonormal basis of R", in particular each row is an unitary
n n
vector . Now foralli € {1,...,n} we have Zaik =1, thus forall j € {1,...,n},al%j < Zaik =1,s0
k=1 k=1
\a,-’j\ <.
We endow M, (R) with the norm N defined for any M = (m; j) by N(M) = max |a; ;| , and we recall

1<i,j<n
that ; in finite dimension, all norms are equivalents .

The map f : Mp(R) — Mu(R) defined by f(M) ="MM — I, is continuous, and 0,(R) = f~1{0}, so
On(R) closed subset of M, (R), other hand, for any M € O, (R), we have N(M) < 1, hence O,(R) is a
bounded subset , since My(R) is finite dimensional vector space , the subset Oy(R) is a compact subset of
Ay (R).
Since S is symmetric , there exist orthogonal matrix P such thatS ="PAP, T (A) = tr(AS) = tr(A’PAP) =
tr(PA'PA), and B = PA'P € 0,(R) is a suitable matrix .

The map M — tr(MS) is a linear form of M,(R) so it is a continuous map, thus its restriction T to
On(R) is a continuous map, since 0, (R) is a compact subset , then T is bounded and attain its upper
bound its maximum .

LetA € 0,(R), there exist B = (b; ;) € O,(R) such that T(A) = tr(BA), foralli € {1,...,n},
we have (BA);; = Aib; ;, hence tr(BA) = Zl ibi i, since B € Oy(R), then |b;;| < 1. Now it is that

i=

T(A) = tr(BA) < Zx 1(S) (the A; > 0).

We have I, € O, (R) et T (I,) = tr(S), by the previous question , for all A € O,(R), weget T(A) <
tr(S) =T(I,), hencet = T (I,) = tr(S).

Second part :
Hadamard's inequality
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n
n n n 1 n
detS = Hll- et tr(S) = Z?Li, by the arithmetic-geometric inequality , we get Hli < ( Zl,) , Le
i=1 i=1 i=1 ni3
detS < (2 ur(5))".

'Se ='('DSD) ='D'SD ='DSD = Sy, hence So is a symmetric matrix . For any column matrix X,
'XSeX ="(DX)S(DX) >0, thenSq € 7,7 (R).
By remar&ing that'D = D, tr(Sy) = tr(SD?), and for anyi € {1,...,n}, (SD?);; = s;;0, it follow that

tr(Sq) = Zs,,

m So € LT (R), by the result ofque.stwn 8 we get detSq < (1 tr(Sa))n, but
A
S, = detSdetD?> = H?L H— = ,andtr(Sy) = Zs, loc =n,so

—1 Sii =150
n
detS = Hﬂq < HS,'J'.
i=1 i=1

Se is positive symmetric matrix. Moreover , for alli € {1,...,n}, (Sg)i; = si; + € > 0,by the result of the
10 ; itfo[[ows tﬁat deth S H?:] (SS)II == H?:l (Si’,' + 8).
passing to the limit as € tends to 0 in the previous inequality , and taking account the continuity of the maps
det and'tr, we obtaindetS < [T, s;;, this show the result.

Third part :
Application of Hadamard's inequality : determining a minimum

The matrix B is symmetric, and for any column vector X we have' XBX ='(QX)A(QX) > 0. If'XAX =0
then' (QX)A(QX) = 0 as A positive definite, then QX = 0, hence X = 0 (Q is invertible matrix), other hand
detB=detA =1, thusB€ % .
tr(AS) = tr(AQA'Q) = tr('QAQA) = tr(BA).

IfA € U, by putting B ="QAQ, we get B € % and'tr(AS) = tr(BA).

IfB € U, by puttingA = QB'Q, we get A € U ettr(BA) = tr(AS).
This show the equality between these sets .

If B= (b ;) € % , we have tr(BA) Z Aib; i, taKing account the positivity of b;; and A; , we obtain

tr(BA) > 0. It follows that the subset {tr(BA) , B € U} is non-empty set and it is bounded below, thus it
has a lower bounded.

Let B= (b;;) € %, we have tr(BA) = Zkibi,i’ by arithmetic-geometric inequality , with a; = Aib;;, we
i=1
1

n n
obtain Z Aibii > n <H 7L,-b,-7l-> =n(A... 4 )% (b11- bn,n)% . this show the result.
i=1 i=1

Be % C 7 (R), by applying the Hadamard's inequality to the matrix B, we getby | ...b,,, > detB=1,
fiencetr(BA) > n(Ay ... Ay)1 = n(detS)a.

Immediately we have : D € 9/ and tr(DA) Z Aill; = n(detS)%, so for all B € % , we have tr(BA) >
l—l

tr(DA). It follows that m = tr(DA) = n(detS)E .

MP 4/5 Aqalmoun Mohamed
www.aqalmoun.com



Maths 1 2013/2014

MP 5/5 Aqalmoun Mohamed
www.aqalmoun.com



